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Abstract  
The Japanese art of turning flat sheets into 3D intricate structures, origami, has inspired design of 
mechanical metamaterials. Mechanical metamaterials are artificially engineered materials with 
uncommon properties. Miura-ori is a remarkable origami folding pattern with metamaterial 
properties and a wide range of applications. In this study, by dislocating the zigzag strips of a 
Miura-ori pattern along the joining ridges, we create a class of one-degree of freedom (DOF) 
cellular mechanical metamaterials. The resulting configurations are based on a unit cell in which 
two zigzag strips surround a hole with a parallelogram cross section. We show that dislocating 
zigzag strips of the Miura-ori along the joining ridges, preserves and/or tunes the outstanding 
properties of the Miura-ori. The introduced materials are lighter than their corresponding Miura-
ori sheets due to the presence of holes in the patterns. Moreover, they are amenable to similar 
modifications available for Miura-ori which make them appropriate for a wide range of 
applications. 
 
 
Introduction 
Miura-ori, a zigzag/herringbone-base origami folding pattern, has attracted substantial attention in 
science and engineering for its remarkable properties [1, 2, 3, 4, 5]. The exceptional mechanical 
properties of the Miura-ori [4, 6], the ability to produce its morphology as a self-organized 
buckling pattern [1, 2] and its geometric adaptability [7, 8] has made the pattern suited for 
applications spanning from metamaterials [4] to fold-core sandwich panels [9]. Moreover, Miura-
ori is a mechanical metamaterial with negative Poisson's ratio for a wide range of its geometric 
parameters [10, 11]. Mechanical metamaterials are artificially engineered materials with unusual 
material properties arising from their geometry and structural layout. Poisson’s ratio is defined as 
the negative ratio of transverse to axial strains. Poisson’s ratios of many common isotropic elastic 
materials are positive, i.e., they expand transversely when compressed in a given direction. 
Conversely, when compressed, materials with negative Poisson's ratio or auxetics contract in the 
directions perpendicular to the applied load. Discovery and creating of auxetic materials has been 
of interest due to improving the material properties of auxetics [12, 13, 14, 15]. Auxetic behavior 
may be exploited through rotating rigid and semi-rigid units [16, 17], chiral structures [18, 19], 
reentrant structures [20, 21, 22], elastic instabilities in switchable auxetics [23, 24], creating cuts 
in materials [25], and in folded sheet materials [4, 10]. The latter is the concentration of the current 
research.  
Research studies have shown that the herringbone geometry leads to auxetic properties in folded 
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sheet materials [4, 10] and textiles [26, 27], and its morphology arises in biological systems [28, 
29, 30]. Due to possessing unprecedented deformability, the herringbone structure fabricated by 
bi-axial compression, has been also used in deformable batteries and electronics [31, 5, 32].  
Kirigami, the art of paper cutting, has been applied as 3D core cellular structures and solar cells 
among others [33, 34]. The current research expands on a recent study by Eidini and Paulino [10] 
where origami folding has been combined with cutting patterns to create a class of cellular 
metamaterials. In the present study, we use the concept of the Poisson’s ratio of a one-DOF zigzag 
strip (i.e., 
2
z tan   ) described by Eidini and Paulino [10] which provides inspiration to tune 
and/or preserve the properties of the Miura-ori. In this regard, by dislocating the zigzag strips of 
the Miura-ori pattern along the joining fold lines, we create a novel class of metamaterials. The 
resulting configurations are based on a one-DOF unit cell in which two zigzag strips surround a 
hole with a parallelogram cross section. 
 
Geometry of the Patterns  
As shown in Fig. 1, arrangement of the zigzag strips with offsets creates the parallelogram holes 
in the patterns.  
 
 
  
Fig. 1. Crease patterns of sample zigzag-base folded materials introduced in the current work 
and their unit cell. (A) Changing the direction of the offset from a zigzag strip to the next 
adjoining one results in a pattern with the holes located in different directions - the direction of the 
offsets are shown with blue arrows. (B) Arranging the offsets all to one side, results in zigzag strips 
with the holes all located with the same direction. (C) Crease pattern of the unit cell. In the figures, 
the blue and red lines show mountain and valley folds, respectively, and hatched black areas 
represent the places of the cuts.   
 
The Zigzag unit Cell with Hole (ZCH) of the patterns is shown in Fig. 1C and is parametrized in 
Fig. 2A. The equations defining the geometry of the ZCH are given by 
      2 sinw b          
cos
2
cos
a


l         sin sinh a             0 / 2hb b b                (1) 
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The expression relating the angle   and the fold angle   is as follows 
tan cos tan                                                             (2) 
If considered in the context of rigid origami, the ZCH is a one-DOF mechanism system. Sample 
patterns containing ZCH unit cells are presented in Fig. 3, and the patterns have one DOF. We 
obtain the DOF of the patterns in this work using the approach mentioned in [10].  
 
 
     
Fig. 2. Geometry of ZCH pattern. (A) Geometry of the unit cell. The geometry of a ZCH sheet 
can be parameterized by the geometry of a parallelogram facet, hole width bh, and fold angle  
[0, ] which is the angle between the edges b0 (and b) and the x-axis in the xy-plane. Other 
important angles in the figure are fold angle between the facets and the xy-plane, i.e.,  [0, /2]; 
angle between the fold lines a and the x-axis, i.e.,  [0, ]; Dihedral fold angles between 
parallelogram facets  [0, ] and  [0, ], joining along fold lines a and b0, respectively. (B) 
A ZCH sheet with m1=2 and m2=3 and outer dimensions L and W. 
 
 
 
 
Fig. 3. Sample patterns of ZCH. (A-E) Sample ZCH sheets created by changing the direction 
and/or the amount of the offsets in the patterns. Note that by changing the height h, the length and 
width of the parallelogram facets, the hole width (pattern E) and other changes (e.g., similarly to 
the Miura-ori, changing the geometry of the facets to get the curved version and others) we can 
produce numerous graded and/or shape morphing materials/structures.       
 
Key Mechanical Behaviors of the Patterns 
Being in the class of zigzag-base patterns with one-DOF planar mechanism, the patterns of ZCH 
A 
A B 
B C D E 
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shown in Fig. 3 all have z  equal to 
2tan   [10]. Using the outer dimensions of the sheet, the 
Poisson’s ratio of a regular ZCH sheet (for example, sample patterns shown in Fig. 2B and Fig. 
3A) is given by  
 
2
2
2
/ cos cos
tan
/ cos cos
L
WL e e
W
dL L
dW W
   
 
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in which 
        1
1 0b bh
m a
m
 

                                                            (4) 
Hence, the Poisson’s ratio of a repeating unit cell (in an infinite tessellation) is given by 
   
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           (5) 
The value presents the Poisson’s ratio of a regular ZCH sheet for an infinite configuration as well. 
The value is positive if
2cos cosha b  . The value is negative if
2cos cosha b  . If / ha b 
, the Poisson’s ratio of a repeating unit cell approaches z . If /b a  , the Poisson’s ratio of a 
repeating unit cell of the Miura-ori remains as 2tan  , i.e., the z  (Fig. 4B), but the Poisson’s 
ratio of a repeating unit cell of ZCH approaches 
2tan  . This phenomenon happens due to the 
existence of the holes in the ZCH patterns.  
 
    
Fig. 4. In-plane Poisson’s ratio of metamaterials introduced in this work with infinite 
configurations. (A) Poisson’s ratio of Miura-ori and ZCH sheets for ( 1m   ) and a=b, and two 
different hole widths - the values correspond to the Poisson’s ratios of the repeating unit cells of 
sheets as well. (B) Poisson’s ratio of repeating unit cells of ZCH and Miura-ori sheets if /b a  .   
 
A B 
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Upon bending, a ZCH sheet exhibits a saddle-shaped deformation (see Fig. A1) which is a property 
for materials with positive Poisson’s ratio [15]. Using the bar-framework numerical approach [4], 
the results of eigen-value analyses of sample ZCH patterns reveal similar behavior to those 
observed in Miura-ori and BCHn [4, 10] (see Fig. 5 and Appendix for more details). 
 
 
   
Fig. 5. Behavior of ZCH sheets under bending and the results of eigenvalue analyses of 
sample ZCH sheets. (A) Twisting, (B) saddle-shaped and (C) rigid origami behavior (planar 
mechanism) of a 4x4 and a 4x3 patterns of ZCH with the holes located on various directions (a=1; 
b=2; =60). 
 
Concluding Remarks 
In this study, we have presented a method to tune and/or keep the properties of the Miura-ori, i.e., 
the most remarkable origami folding pattern. The resulting configurations are zigzag-base patterns 
which are flat-foldable, developable and 1-DOF systems. The main advantages of the patterns are 
highlighted as follows: (i) the patterns are amenable to similar modifications and/or applications 
available for the Miura-ori (e.g., [4, 35, 8, 36, 37] - see Fig. A2 to A4). (ii) Due to possessing holes 
in their configurations, they are less dense than their corresponding Miura-ori patterns (see Fig. 
A5 to Fig. A7). (iii) They extend geometrical and mechanical design space of the prior known 
zigzag-base patterns such as Miura-ori and BCH2 (for example, see Fig. 4). (iv) Despite existence 
of the holes, they are all single‐degree of freedom (SDOF) systems for the rigid origami behavior. 
SDOF rigid mechanisms are appropriate for low energy, efficient and controllable deployable 
structures. (v) Compared with BCHn patterns [10] whose unit cell includes two large and 2n small 
parallelogram facets, the unit cell of the patterns introduced in this work possess identical number 
of facets on each side of the hole. Hence, they can be more appropriate than their corresponding 
BCHn patterns when the base material of the facets is thicker (e.g., when separate thick rigid panels 
are connected with frictionless hinges). (vi) For applications such as sandwich folded-cores, unlike 
Zeta core [38], the patterns remain developable by adding surfaces at the top and bottom of the 
patterns to increase the bonding areas (see Fig. A2) - developable sheets are well-suited for 
continuous manufacturing techniques available for folded core structures.  
In summary, the characteristics of the introduced patterns make them suitable for a broad range of 
applications from folded-core sandwich panels and morphing structures to metamaterials at 
various length scales. 
 
 
 
 
A B C 
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APPENDIX 
 
1- Out-of-plane behavior of the patterns  
Upon bending, ZCH sheets exhibit saddle-shaped curvatures (Fig. A1). The behavior is 
typically observed in materials with positive Poisson’s ratio [15]. 
 
 
Fig. A1. Behavior of sheets of the ZCH patterns under bending. Sheets of ZCH deform 
into saddle-shaped curvature under bending. 
 
2- Other variations of ZCH and their assemblages  
The variation of the ZCH pattern shown in Fig. A2 provides additional bonding areas on 
the crests of the corrugation for applications as folded-core sandwich panels. Furthermore, 
by changing the geometry of the facets similarly to the curved version of the Miura-ori 
[36], we can create a curved version shown in Fig. A3. In addition to the variations 
available for the Miura-ori (e.g., [7, 36]) which are applicable to these patterns, changing 
the hole width bh (Fig. 3F) and the width of the bonding areas at the crests (shown in Fig. 
A2) combined with other changes (e.g., the variations mentioned in references [7, 36]) can 
provide extensive flexibility to create various variations/shapes from the patterns.  
 
 
Fig. A2. A developable ZCH pattern with augmented bonding areas.   
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Fig. A3. A curved ZCH pattern.   
 
Sample one-DOF cellular materials designed based on the ZCH patterns are shown in Fig. 
A4. The stacked materials shown in Fig. A4 A and B are appropriate for applications such 
as impact absorbing devices [37]. The interleaved ZCH tubular material shown in Fig. A4C 
is similar to the one made from the Miura-ori pattern [35], which is a bi-directionally flat-
foldable material. Its geometry results in a material which is soft in two directions and 
relatively stiff in the third direction. The samples shown in Fig. A4D to Fig. A4F are bi-
directionally flat-foldable materials made from different assemblages of the ZCH tubes. 
 
   
 
 
Fig. A4. Cellular foldable metamaterials. (A, B) Stacked cellular metamaterials made 
from 7 layers of folded ZCH sheets. Each material includes two different geometries of 
similar sheets. (C) Interleaved ZCH tubular materials. (D-F) Materials made from various 
assemblages of ZCH tubes. (G) Sample ZCH tube with a rectangular cross section.  
 
 
A B C 
D E F G 
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3- Comparison of ZCH with Miura-ori and BCH2 for the same amount of 
mass 
In this section, we compare the density of the ZCH with its corresponding Miura-ori and 
BCH2 sheets (see Fig. A5 for sample sheets). Knowing that widths and heights of the 
corresponding sheets are identical, the ratio of the density of the Miura-ori to that of the 
ZCH is given by 
/
ZCH ZCH
Miura ZCH
Miura Miura
V L
V L
                                                        (1) 
Equation (4) in the main text gives the length of the ZCH sheet. Note that considering 
b 0h   in that relation, gives the length of the Miura-ori. The ratio is shown in Fig. A6. 
Similarly, for BCH2, the ratio of the density of the BCH2 to that of the ZCH is shown in 
Fig. A7. The length of the hole, i.e. bh , at which the density of the ZCH is equal to that of 
the BCH2 is given in the following.  
 
 
1
1
b 1
b
2 2 1
h
m
m



                                                      (2) 
For the infinite configuration of the sheets (i.e., 1m  ), the length of the hole at which 
the density of ZCH is equivalent to that of the BCH2 is given by 
1
b
4
h b                                                             (3) 
Consequently, for b 0.25h b , the ZCH is less dense than its corresponding BCH2 sheet 
and for b 0.25h b , BCH2 is less dense than its corresponding ZCH sheet. 
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Fig. A5. Sample ZCH with its corresponding Miura-ori and BCH2 sheets. (A) A 4x3 ZCH 
sheet with its corresponding Miura-ori with b=2a, =70 and bh=0.3b. (B) A 4x3 ZCH 
sheet with its corresponding BCH2 sheet with b=2a, =70 and bh=0.3b. (C) A 4x3 ZCH 
sheet with its corresponding Miura-ori with b=2a, =30 and bh=0.3b. 
 
A B 
C 
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Fig. A6. Density of ZCH compared with that of its corresponding Miura-ori. (A) m1=4, 
b/a=2 and bh=0.3b. (B) m1=∞, b/a=2 and bh=0.3b. (C) m1=∞, b/a=5 and bh=0.3b. (D) 
m1=∞, b/a=2 and bh=0.5b. 
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Fig. A7. Density of ZCH compared with that of its corresponding BCH2 sheet. (A) m1=4, 
b/a=2 and bh=0.3b. (B) m1=∞, b/a=2 and bh=0.3b. (C) m1=∞, b/a=5 and bh=0.3b. (D) 
m1=∞, b/a=2 and bh=0.5b. 
 
4- Global behavior of the patterns studied numerically 
Using the bar-framework numerical approach [4], we perform eigen-value analysis of 
sample patterns shown in Fig 3 A and B, by changing the ratio of the stiffness of the facet 
(Kfacet) to that of the fold line (Kfold). We observe that, similarly to Miura-ori and BCHn 
zigzag-base patterns [4, 10], for small values of Kfacet/Kfold, which cover a wide range of 
material properties, the twisting and saddle-shaped modes are the first and the second 
softest modes, respectively (Fig. 5 A and B). That the second softest bending mode is a 
saddle-shaped deformation further shows that the material, constructed from a ZCH sheet, 
has a positive out-of-plane Poisson’s ratio (see Fig. 5B and Fig. A1). Moreover, the patterns 
exhibit rigid origami behavior (Fig. 5D) for large values of Kfacet/Kfold which is in 
accordance with our expectation. 
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Fig. A8. Behavior of ZCH sheets under bending and the results of eigenvalue analyses 
of sample ZCH sheets. (A) Twisting, (B) saddle-shaped and (C) rigid origami behavior 
(planar mechanism) of a 4x4 and a 4x3 patterns of ZCH with the holes located on the same 
directions (a=1; b=2; =60).  
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